Canonical ensemble theory is used to obtain simple exact scaling relationships (homology transformations) which establish equivalences between certain thermodynamic quantities for two state weak valued and mean valued energy quantum systems that are described by the same Hamiltonian. These equivalences define how a thermodynamic quantity for a weak (mean) valued energy system can be represented by an appropriately scaled version of the same quantity for a mean (weak) valued energy system. This provides: (i) a method for quantifying the thermodynamic properties of the typically more complicated (and difficult to prepare) weak valued energy systems in terms of those of the generally less complicated mean valued energy systems; and (ii) a systematic way to compare the properties of weak and mean valued energy systems. The results are validated and illustrated numerically by applying them to a spin ½ system in a uniform magnetic field. Several apparent thermodynamic effects induced by the weak measurement and state post-selection process required to prepare a weak valued energy system are also identified for this system. 
Introduction
In recent years state pre-selection and post-selection (PPS) techniques have been used to manipulate and control quantum systems (e.g. [1] [2] [3] [4] ). An important closely related area of PPS research has focused upon the study of weak values of quantum mechanical observables (e.g. [5] [6] [7] ). The weak value of a quantum mechanical observable is the statistical result of a standard measurement procedure performed upon a PPS ensemble of quantum systems when the interaction between the measurement pointer and each system is sufficiently weak. Unlike a standard strong measurement of which significantly disturbs the measured system and yields the mean value 〈 〉 of the associated operator ̂ as the measured value of the observable, a weak measurement of performed upon a PPS system does not appreciably disturb the system and yields as the measured value of the observable. Unlike 〈 〉 -which is real valued and is bounded by the eigenvalue spectral limits of ̂ -can be eccentric, i.e. it can be complex valued and it can amplify when its real part exceeds ̂' s maximum spectral limit. If a quantum system is described by a Hamiltonian operator ̂, then the system's energy ̅ is weak valued when ̅ = or is mean valued when ̅ = 〈 〉. Since is a weak value it can be eccentric and exhibit properties different from those possessed by its mean valued energy counterpart. While the interpretation of weak values remains somewhat controversial, several of the unusual properties predicted by weak value theory have been experimentally verified [8] [9] [10] [11] [12] .
Although a substantial body of research literature exists that discusses the intersection between thermodynamics and quantum mechanics -including mean valued energy quantum systems (e.g. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] ), little attention has been devoted to studying the thermodynamic properties of weak valued energy quantum systems (however, see [28] ). In this paper the intersection between thermodynamics and quantum mechanics is further explored for two energy state quantum systems by using: (i) canonical ensemble theory to define the equilibrium temperature for which the ratio of the thermodynamic probabilities for the system to be in its internal energy states as defined by the associated Boltzmann distribution is equal to the ratio of the pure state quantum mechanical probabilities that the system is in these states; and (ii) the results of (i) to show that the weak and mean valued energies -as well as certain of their associated thermodynamic properties -are thermodynamically homologous, i.e. they can be related to one another using simple scaling homology transformations.
Two state systems are used here because -unlikestate systems, > 2 -canonical ensemble theory provides simple exact expressions for the equilibrium temperatures required in (i) in terms of the two eigen-energies of the system and the pure state quantum mechanical probabilities that the system is in each energy eigen-state. These temperatures define a homology scale factor that is used to transform between the weak and mean valued energies and certain related thermodynamic quantities for two energy state systems.
Here it is suggested that for certain applications involving two energy state quantum systems, such homology transformations can be used to obtain representations of thermodynamic quantities for weak (mean) valued energy systems in terms of those for mean (weak) valued energy systems. This provides a straightforward method for quantifying and comparing the thermodynamic properties of two state weak (mean) valued energy systems using only the thermodynamic properties of two state mean (weak) valued energy systems.
The remainder of this paper is organized as follows: a brief overview of weak valued and mean valued energy systems is given in the next section. In section 3, canonical ensemble theory is reviewed and used to obtain a general expression for the equilibrium temperature that yields the required ratio in (i) above. This result is used in section 4 to obtain homology transformations between the mean valued energy and the weak valued energy for two energy state systems. Homologous relationships between several other standard thermodynamic functions (the Helmholtz free energy, entropy, and heat capacity) for two energy state mean valued and weak valued energy systems are identified in section 5. Associated transformations for a finite number of non-interacting systems are developed in section 6. Aspects of the theory are validated and illustrated in section 7 by applying the theory to a spin-1/2 particle in a uniform magnetic field. Closing remarks constitute the final section of this paper.
Weak and Mean Valued Energy Systems
Suppose that at time a quantum mechanical system described by the Hamiltonian operator ̂ is in a known normalized pre-selected energy state 
and the system is said to be a weak valued energy system. If the system is in a known pre-selected only (PSO) normalized state
at , then it is said to be a mean valued energy system defined by the mean valued energy 〈 〉 given by
Observe that if | ⟩ = | ⟩ = | ⟩, then = 〈 〉. Thus, when the pre-selected and post-selected energy states are identical in a weak valued energy system, such a PPS system is energy equivalent to the associated PSO mean valued energy system.
Equilibrium Temperature for a Two Energy State Quantum System
Recall that the canonical ensemble for a thermodynamic system is a large number of identical copies of each of which is in thermal contact with an infinite heat reservoir, thermally isolated from the external environment, and in thermal contact with all other copies of in the ensemble. Suppose each copy of in the ensemble is described by an identical set of (non-degenerate) quantum energy states , ∈ . The system is in thermodynamic equilibrium at temperature when the collection of probabilities
that any copy of chosen at random from the ensemble is in the ℎ energy state, ∈ , maximize the entropy
subject to the two constraints
and
Here is the Boltzmann constant, ̅ is the average energy of the ensemble, and
is the partition function for the system with the property
Now suppose = {1,2} so that is a two energy state system with eigen-energies 2 > 1 . In this case Eq. (3) gives
and application of the natural logarithm yields the following relationship between the system's equilibrium temperature, the two probabilities of Eq. (3), and the eigen-energies of each state:
Here, since 2 > 1 and it is required that > 0, then it must also be required that 1 > 2 ≠ 0 . Note that the ratio ≡ 1 2 ⁄ (or 1 to 2 ) is the odds in favor of the event "a system is in energy state 1 when it is randomly selected from the ensemble" occurring. Since it is required that 1 >
The Homology Transformations between Weak and Mean Valued Energy
The equilibrium temperature given by Eq. (7) is valid for a two energy state PSO system which is described by the Hamiltonian ̂ with eigen-energies , = 1,2, and is in the energy state | ⟩. In this case, Eq. (2) becomes 〈 〉 = 1 1 * 1 + 2 2 * 2 = 1 1 + 2 2 , where = * > 0 is the probability that the system is in eigen-energy state | ⟩, = 1,2. Since the system is selected to be in energy state | ⟩,the probabilities are fixed and known, and Eqs. (5) and (6) (via Eq. (2) when ̅ = 〈 〉) are both satisfied. It follows from Eq. (7) that the temperature required for equilibrium for such two state mean valued energy systems with known fixed probabilities is
A similar expression is obtained for a two state PPS weak valued energy system described by ̂ and for which 1 1 * > 2 2 * > 0 are fixed, known, and real valued (the complex conjugate symbol "*" is retained for the sake of formal completeness). To see this, let ≡ * ∑ * (9) and observe that Eq. (5) is satisfied since
and Eq. (6) is satisfied via Eqs. (1) and (9) when ̅ = . Consequently, Eq. (7) also provides the following expression for the equilibrium temperature for such two state weak valued energy systems with known fixed values for 1 1 * and 2 2 * :
For a two state quantum system described by ̂, the fixed ratio / defines a scale factor that can be used to transform into 〈 〉 and vice versa. In particular, since
ln ( are the -scaled eigen-energies. Applying these results to Eqs. (3) and (6) when ̅ = yields the homology transformation
where
as the associated partition function. Similarly, the equality ) -the associated partition function. Thus, it has been shown that simple scaled temperatures and eigen-energies derived from canonical ensemble theory establish straight forward homology transformations that provide equivalences between appropriately scaled weak and mean valued energies for two energy state quantum systems. These energy equivalences are formally stated as the following theorem:
Theorem 1. (Homologous Energies)
This theorem can be viewed as an energy representation theorem since it follows from the theorem that: (i) the weak valued energy of a two state system whose eigen-energies are , = 1,2, and which is in thermodynamic equilibrium at temperature as prescribed by Eq. (10) can represent (to within a scale factor )the mean valued energy of a two state system in thermodynamic equilibrium at temperature as prescribed by Eq. (8) and whose eigen-energies are , = 1,2; and (ii) the mean valued energy of a system in thermodynamic equilibrium at temperature as prescribed by Eq. (8) and whose eigen-energies are , = 1,2,can represent (to within a scale factor ) the weak valued energy of a system in thermodynamic equilibrium at temperature as prescribed by Eq.(10) and whose eigenenergies are , = 1,2.
5.
Additional Homologous Thermodynamic Relationships Let = − ln be the Helmholtz free energy for a two energy state mean valued (when = ) [weak valued (when = )] energy quantum system at equilibrium temperature whose eigen-energies are , = 1,2. Also let = − ln be the Helmholtz free energy of a two energy state mean valued (when = , = ) [weak valued (when = , = )] energy quantum system at equilibrium temperature whose eigen-energies are , = 1,2. As the next theorem shows, the above temperature and eigen-energy scaling are homologous relationships which establish equivalences between the appropriately scaled Helmholtz free energies of two energy state weak and mean valued energy systems.
Theorem 2. (Homologous Helmholtz Free Energies)
Proof.
(
This theorem also serves as a representation theorem where Helmholtz free energies for weak (mean) valued energy systems whose eigen-energies are , = 1,2, can represent (to within appropriate scale factors) Helmholtz free energies for mean (weak) valued energy systems with appropriately scaled eigen-energies. Now consider the entropy and recall that -in generalentropy, temperature, energy, and Helmholtz free energy are related by the expression (ii)
Thus, the entropy of a weak (mean) valued energy system at equilibrium temperature ( ) and whose eigen-energies are , = 1,2,is the same as -and can be represented by -the entropy of a mean (weak) valued system at equilibrium temperature ( ) and whose eigen-energies are ( ) , = 1,2.
Employing the same notation as used above, the heat capacity (at constant volume) is defined by the derivative = ̅ . This can be used, along with Theorem 1, to obtain the following result:
Theorem 4. (Homologous Heat Capacities)
It is clear from this theorem that the heat capacity of a weak (mean) valued energy system whose eigen-energies are , = 1,2, is the same as -and can be represented by -that for a mean (weak) valued energy system whose eigenenergies are ( ) , = 1,2.
Transformations for Finite Non-interacting Systems
In this section the homology transformations for thermodynamic quantities for non-interacting identical systems that will be used in the next section are obtained. Using the well-known fact that the partition function for non-interacting identical systems is given by = ( ) , where is the single system partition function, along with the above definitions for the Helmholtz free energy, establishes the following equivalence theorem, where the notation "( )" means "for ":
Theorem 5. (Homologous Non-interacting Systems)
If X is a collection of N non-interacting two energy state quantum systems each described by the same Hamiltonian ̂, then
Proof.
(i) Since the N systems in X are non-interacting, the Hamiltonian in Eq. (1) can be replaced with ̂ to give ( ) = . Using Theorem 1 and the partition function for 〈 ( )〉 completes the assertion:
(ii) Replacing the Hamiltonian in Eq. (2) with ̂ gives 〈 ( )〉 = 〈 〉. Using Theorem 1 and the partition function for ( ) completes the assertion:
Example: A Spin-½ Particle in a Uniform Magnetic Field
In order to validate and illustrate aspects of the theory developed above; consider a spin-1/2 particle with magnetic moment under the influence of a uniform magnetic field that is oriented along the positive z axis of a three dimensional Cartesian reference frame. The Hamiltonian for this two energy state system is
where ̂ is the Pauli spin operator and ̂| ± ⟩ = ± |± ⟩ . 
respectively. Note that -as required -〈 〉 = when = . It is important to point out that | ⟩ = | ⟩ is chosen in this example to illustrate in some sense the apparent thermodynamic effects induced by weak measurement and state post-selection upon a mean valued energy system.
Validation of the Equivalence (Representation) Theorems 1 -4
This subsection is concerned with algebraically validating the theorems of sections 4 and 5 by applying them to a spin-1/2 particle in a uniform magnetic field. To do this it is necessary to first obtain the associated partition functions. For the mean (weak) valued system and for the ( ) scaled system the partition functions are
respectively. Using these it is found that
from which Theorem 1 can be readily validated:
In a similar manner, Eqs. (16) and (17) can be used to easily validate Theorems 2 and 3, while the validity of Theorem 4 follows from the facts that is the odds in favor of finding a copy of the associated mean valued energy system in the energy state |− ⟩ when a copy of the system is randomly selected from the associated canonical ensemble, and = 2 ln tan tan , where tan tan > 1, as the equilibrium temperature for the associated weak valued energy system for which tan tan is the odds in favor of finding an ensemble copy in energy state |− ⟩. The ratio of these two temperatures provides the following scaling factor: = 2 ln tan ln tan tan > 0 .
Note the effect of state post-selection upon : if = , then = 1 (so that = ) and if = 45 0 , then = 2 (so that = 2 ), regardless of the value of . As a numerical example, choose = 70 0 and = 60 0 so that = 0.9894( / ), = 1.2821( ⁄ ), = 1.2958, and = 0.7717 (note that and are first quadrant angles which satisfy the required conditions that sin 2 > cos 2 and sin sin > cos cos ). Using these angles in Eqs. (14) and (15) 
Here the apparent effects of weak measurement and state post-selection upon the system are to decrease the magnetic moment per unit volume of the system from = 0.7660 ⁄ to 0.6527 ⁄ . That > > 0 is expected since > and the systems are paramagnetic. These changes in the Helmholtz free energy correspond to the maximum values of work that can be performed by the system during the associated processes. It is not surprising that for the associated temperatures (i.e., the selected values for and ), the maximum amount of work that can be performed is different for each system. This suggests that because of the dependence of upon the post-selection angle , the amount of work performed by the weak valued energy system can be controlled by changing (of course, all related constraints must still be satisfied).
Application

Conclusions
Canonical ensemble theory has been used to obtain simple homology transformations between thermodynamic quantities for mean valued and weak valued energy two state quantum systems. Since weak valued energy systems are typically more complicated than mean valued energy systems-requiring a weak measurement of the system energy after a state pre-selection followed by a state postselection -these transformations should be useful for representing thermodynamic quantities for the more complicated two state weak valued energy systems in terms of those for the less complicated appropriate mean valued energy systems.
It is important to point out an additional complication associated with preparing weak valued energy systems that does not arise in the preparation of mean valued energy systems. In general, when preparing such a system ensemble, the state post-selection process can severely reduce the number of quantum systems in the final ensemble. For example, suppose that after a weak measurement, an ensemble which has been pre-selected to be in state | ⟩ is comprised of systems. After the ensemble is post-selected to be in state | ⟩, the number of systems in the final sub-ensemble is , where 0 ≤ ≡ |⟨ | ⟩| 2 ≤ 1, with = 0 when | ⟩ and | ⟩ are orthogonal and = 1 when | ⟩ = | ⟩. Consequently, if systems are required after state post-selection, then ⁄ systems must be available after the weak measurement and prior to the time of state post-selection. Because this increase in system number can -in principle -always be accomplished, the results developed above are not impacted by this additional post-selection complication.
Application of the transformation theory to spin ½ systems in a uniform magnetic field for the special case | ⟩ = | ⟩ illustrated the fact that the thermodynamics of a mean valued energy system can be changed by weak measurement and state post-selection. For example, the application in section 7.3 showed that for the system states used, the maximum amounts of work that can be performed by a weak valued energy system can differ from that for a mean valued energy system and suggests that the postselected state can be used to control the weak valued energy system's work output. This is consistent with the recently developed extended 1 st Law of Thermodynamics for closed weak valued energy quantum systems which identifies work and heat exchange terms induced by weak measurement and state post-selection that must be added to those for mean valued energy systems [28] . Questions similar to the open questions identified in [28] -such as "what is the meaning of complex valued work and energy?"-may also apply here since the quantities * can in general be complex numbers.
